The role of the cotangent bundle in resolving ideals of fat points in 

the plane. 



Alessandro Gimigliano Brian Harbourne Monica Ida 

February 1, 2008 



Acknowledgments: We thank GNSAGA, MUR and the University of Bologna, which supported 
visits to Bologna by the second author, who also thanks the NSA and NSF for supporting his 
research. 

Abstract 

We study the connection between the generation of a fat point scheme supported at general 
points in P 2 and the behaviour of the cotangent bundle with respect to some rational curves 
particularly relevant for the scheme. We put forward two conjectures, giving examples and 
partial results in support of them. 

1 Introduction 

In this paper we are concerned with minimal free graded resolutions of fat point ideals in P 2 . 
Given general points Pi, . . . , P n € P 2 (which, unless we say something explicit to the contrary, will 
always be assumed to be general), and nonnegative integers mi, . . . ,m n , let I(Z) denote the ideal 
I(Pi) mi n • • • I(P n ) mn of R = K[P 2 ] = K[x , x 1 ,x 2 ] (where K is any algebraically closed field and 
where I(Pi) is the ideal generated by all forms that vanish at Pi). We refer to I(Z) as a fat point 
ideal, and if Z is the subscheme defined by I(Z), we use m\P\ + • • • + m n P n or Z(mi, . . . , m n ) to 
denote the scheme Z, and Iz for its sheaf of ideals, so that, in particular, I(Z)k = H°(P 2 ,Xz(k)). 

In order to understand better the geometry of Z as a subscheme of P 2 , the first thing that 
comes to mind is to see how many curves of given degree k contain Z, that is, have singularities of 
multiplicity at least mi, . . . , m n at the given points Pi, . . . , P n \ in other words, we want to determine 
the dimension, as a K- vector space, of the homogeneous component I(Z)k of I(Z). 

The Hilbert function hz of I(Z), hz(k) := dim^(/(Z)fc), is not known in general, even if it 
has been determined for many choices of Z. For example, it is known for all Z with n < 9 ([N]. or 
see [Ha3] h for any n if m x = ■ ■ ■ = m n < 20 ([Ell], [CCMQj b and for any n if m, < 7 ([Ml], H). 
(Some but not all of these and later citations assume K is the complex numbers.) It is also known 
for many additional cases. Let us say that the sequence of multiplicities (and by extension Z) 
is uniform if mi = ■ ■ ■ = m n > and if n > 9. Then [E] determines hz for all k, as long as Z is 
uniform, if n is a square, extending results of 1 1 1 1 1 ] . The paper [HRj determines hz in many other 
uniform cases. 

All of these results are consistent with a well known conjecture by means of which one can 
explicitly write down the function hz given the multiplicities rrtj. Various equivalent versions of 
this conjecture have been given (see [S], [Ha4] . [G] , |Hi2] . [Hal] ). We will refer to them collectively 
as the SHGH Conjecture. 
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Let us say that a fat point subscheme Z is quasi-uniform if n > 9 and mi = • • • = mg > m-io > 
■ • > m-n > 0. Thus uniform implies quasi-uniform. As shown in [HHF], assuming the SHGH 
Conjecture, then hz(k) = max(0, ( fe ^ 2 ) — J2i i™^ 1 )) holds for all k for a quasi-uniform Z. Since 
there are ( fc ^ 2 ) forms of degree k and since the requirement for a form to vanish to order m; at 
a point P{ imposes ( m * 2 +1 ) conditions, the SHGH Conject ure in this situation just says that the 
conditions imposed by the points are independent as long as hz{k) > 0. 

To go deeper into the geometry of a fat point scheme, the next step consists in understanding the 
relations among the curves containing Z, that is, determining the minimal free graded resolution 
Mi -»• M I{Z) -> of I(Z). Here M and M x are free iZ-modules of the form M = 
(BkR tk [— k] and Mi = (BkR Sk [—k]. If hz is known and if the graded Betti numbers tk are known, 
then the values of Sk are easy to determine from the exact sequence above. 

We are hence interested in the graded Betti numbers t&. It is not hard to see that tk is the 
dimension of the cokernel of the map fik-i(Z) : I(Z)k-i ® R% — > I(Z)k, where R\ denotes the 
.RT-vector space spanned in R by linear forms and fik-i is the map induced by multiplication of 
elements of I(Z)f--i by linear forms. This paper is a reflection about the geometric obstacles to 
the rank maximality of the maps fi k - Let us denote by Q the cotangent bundle of P 2 , and by 
p : X — > P 2 the blow up at the points Pj. We first translate the problem of determining the rank 
of the maps p-k(Z) m t° t wo equivalent postulation problems for Z, one in P 2 and the other in X: 
determine, for each k, the rank of the restriction map 

(a) Pk = p k (Z) : H°(Q(k + 1)) -» H°(n(k + l)\ z ); or 

(b) r) k = Vk(Z) : H°(p*Q(k + 1)) -> H°(p*Q(k + l)\ p -i z ). 

We show that the point of view (a) gives some information about the failure of this rank maximality 
due to superfluous conditions imposed by Z to the restriction of Q to some curves; but in fact this 
is not enough, and the right point of view is (b), since it is then possible to take into account the 
splitting of p*£l on the normalization of the appropriate rational curves, and this allows to count 
properly the superfluous conditions imposed by Z to the restriction of O to each curve. 

Hence, by studying several examples and proving certain results (e.g. 15 .3[) . we arrive at two 
conjectures about the failure of the rank maximality of fJLk, one when is expected to be surjective 
and the other when injectivity is expected. The idea is the same in the two cases but the expected 
surjective case is much easier to formulate, and this is why we keep them distinct; in both cases 
the obstruction to rank maximality is described by the presence of particular rational curves whose 
intersection with Z is "too high". 

Notice that a similar line of thought leads to the SHGH Conjecture: in fact, determining 
h°(P 2 ,Iz(k)) amounts to computing the rank of the restriction map r k : H°(P 2 , 0-pi (k)) — > 
H°(Z,O z ). The SHGH Conjecture says that failure of rk to have maximal rank is completely 
accounted for by the occurrence of curves CcP 2 whose strict transform C C X is an exceptional 
divisor (i.e., a smooth rational curve of self-intersection —1), such that the scheme-theoretic inter- 
section C n Z is too big with respect to 0(k)\c (or, expressing things on the blow up, such that 
the inverse image Z of Z meets C in too many points with respect to kL\^, which here just means 
that C ■ F < — 1, where F = kL — m\Ei — ■ ■ ■ — m n E n , L is the pullback to X of a general line in 
P 2 and Ei is the exceptional locus obtained by blowing up the point Pi). 

Unfortunately, things are quite complicated when studying the postulation with respect to a 
rank 2 vector bundle; for example, as said above, we have to take into consideration the splitting 
of p*Sl on the normalization of a rational plane curve, which is not known in general (see !2.ip . and 
is actually an interesting problem per se. In our examples we have made use, when necessary, of a 
Macaulay 2 script which allows us to compute splitting types (see Section A2.3 of [GHI]). 
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The use of the cotangent bundle in problems concerning the generation of homogeneous ideals 
of subschemes of a projective space was introduced by A.Hirschowitz, and used for the first time 
for curves in P 3 (see [IT]). 

Our conjectures assume that the fat point scheme Z postulates well in the degree k we are 
considering, i.e. that h l {Zz{k)) = 0; but notice that, assuming the SHGH Conjecture, we can 
always reduce ourselves to considering fat points Z with good postulation, and for these we need 
to study only the map fj, a , where a is the initial degree of I(Z) (see !2.3p . 

Here is what is currently known about resolution of fat point ideals in P 2 . For uniform (|Ha2j) 
or quasi-uniform ([HHF]) Z, it is conjectured that the maps fj,f- have maximal rank for all k. We 
refer to these as the Uniform Resolution and Quasi-Uniform Resolution Conjectures. The Uniform 
Resolution Conjecture has been proved for m = 1 ( |GM| ). m = 2 ([12]) and m = 3 ( |GI| ) ; more 
generally, if m; < 3 for all i, and the length of Z is sufficiently high, |BI| determines the graded Betti 
numbers in all degrees. Verifications of the Quasi-Uniform Resolution Conjecture in some cases were 
given in [HHF], under the assumption of the SHGH Conjecture. Some outright verifications were 
given by [HRj. By applying the results of [E] to results of [HHF], it also follows that the Uniform 
Resolution Conjecture holds for all m not too small, as long as n is an even square. Finally, the 
Betti numbers are known for all Z with n < 8 ( }Ca| . |F3j . |Ha6j . [FHH] ) ; the n < 8 results show 
that any general resolution conjecture will have to be more subtle than the SHGH Conjecture. 

In Section [6] we prove that our Conjectures 16.11 and 16.71 together with the SHGH Conjecture 
imply the Uniform and Quasi-uniform Resolution Conjectures (see Proposition 16.81) . 

2 Preliminaries 

We now establish some terminology and notations and recall some basic concepts. 

By curve we will mean a 1-dimensional scheme without embedded components. 

The surface obtained from P 2 by blowing up general points Pi is always denoted by X, p : 
X — > P 2 is the morphism given by blowing up the points, Ei is the exceptional curve obtained by 
blowing up the point Pi and L is the divisorial inverse image under p of a line in P 2 . We will also 
use L and E% to denote the linear equivalence class of the given divisor, in which case the divisor 
class group C1(X) is the free abelian group on the basis L, E\, . . . , E n . The intersection form on X 
is such that the basis elements are orthogonal with — L 2 = E 2 = — 1 for all i. 

Given a divisor F on X, we will use F to denote its divisor class and sometimes even the sheaf 
Ox(F), and we will for convenience write H°(F) for H°(X, Ox(F)). For each F, there is a natural 
multiplication map fi F : H°(F)® H°(L) -> H°(F + L). 

If Z = m\P\ + • • • + m n P n is a fat point scheme, it is clear that, under the correspondence of 
H°(P 2 ,l z (k)) with H°(X,kL -J2mEi), the map 

fi k {Z) : H°(I z (k)) ® H (O P 2(l)) -> H°(l z (k + 1)) 

is just the map /i tL _^ mi ^. 

Given a curve C C P 2 , we denote the multiplicity of C at Pi by m(C)p i = rj, and C = 
dL — J2 fiEi will denote its strict transform. Note that d is just the degree of C. If C C P 2 is an 
integral curve such that C C X is smooth and rational, we write 0^(k) instead of Opi (k). We recall 
that C is an exceptional divisor (of the first kind) in X if C = dL — r iEi is smooth and rational 
with — 1 = C 2 = d 2 — r f > which by the adjunction formula implies — 1 = Kx • C = — 3d + r «i 
since Kx = —2>L + E\ + • • • + E n . 
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Let Y be a smooth projective variety, D a divisor and A a subscheme of Y; the residual scheme 
A' = respA is the subscheme of Y whose sheaf of ideals Ires D A is given by the exact sequence: 
— ► Ixes D A(—D) — ► Ia — ¥ ^AnD.D — * 0, where 1av\D,d is the sheaf of ideals on D defining the 
scheme-theoretic intersection of A and D as a subscheme of D. 

If Z = m\P\ + • • • + m n P n in P 2 is a fat point scheme, and C is a plane curve whose proper 
transform is C = dL — J2 r iFi, the residual sequence tensored by P 2(fc) becomes: — > lz>{k — d) — » 
Zz{k) - ► ^zncfii^) ~^ 0) where Z' = rescZ has homogeneous ideal (I(Z) : 1(C)). 
Now if we set F^{Z) = /cL — m\E\ — ■ ■ ■ — m n E n , we have F}.{Z) — C = (k — d)L — XX m « ~ r i)Fi 
and its cohomology is the cohomology of a fat point scheme provided that mj — > for all i; 
more precisely, Fk(Z) — C = Fk_d(Z r ) if < mj. Thus divisors corresponding to residuals are easy 
to compute. 

Setting $7 = f2 P 2, recall the Euler sequence on P 2 : 

-> fi(l) -> Op 2 ® F°(Op 2 (l)) -» C p2 (l) -» 0. 

Now let C C P 2 be a de gree (i integral curve and assume C C X smooth and rational. Since 
the Euler sequence is a sequence of vector bundles, its pullback to X restricted to C is still exact, 
and gives 

- p*n(l)\c ^O c ® H°(O x (L)) - O e (d) -» 0. (*) 

In the following we set 

p*fi(l)[£^0£(-ac)®0 e (-&c). 

where we always assume ac < be; looking at the Chern classes in (*) gives ac + be = d. We will 
say that the splitting type of C or C is (ac, 6c") and the splitting gap is be — ac- 

In some cases we can immediately determine the splitting type. Suppose that m is the maximum 
value of m(C)p i . See |As] or [Flj . |F2| for the proof of the following lemma: 

Lemma 2.1 We have min(m, d — m) < ac < d — m, and d = ac + fee- 
Note that the splitting type is completely determined if d — m < m + 1, and it is (min(m, d — 
m), max(m, d — m)). When d — m>m + litis not known in general what the splitting type is, 
but it can be computed fairly efficiently; see Section A 2.3 in |GHI] . 

If / : A — > B is a linear map between vector spaces, we say that / is exp-onto (i.e., expected to be 
onto), resp. exp-inj (i.e., expected to be injective), if dim A > dim B, resp. dim A < dim B. The 
expected dimension for the cokernel of / is defined to be exp-dim cok(/) := max(0, dim B — dim ^4). 
So, for example, 

exp-dim cok^^Z)) = max(0, h°(l z (k + 1)) - 3h°(l z (k))). 

We say that a fat point scheme Z has good postulation in degree k, if the map is of maximal 
rank, i.e. if hP{Zz(k))h 1 {Tz(k)) = 0. We say that Z has good postulation if the maps r/% have 
maximal rank for all k, and we say that Z is minimally generated if the maps ^ all have maximal 
rank (i.e., Z is minimally generated if Hk is onto when it is exp-onto and injective when it is exp-inj). 

A few additional notions will be useful. Given a 0-dimensional scheme Y, we denote by l(Y) 
the length of Y; hence l{m\P\ + • • • + m n P n ) = J2i ( m *2~ )• 

We define a = a(Z) to be the least k such that h°(Zz(k)) is positive, and we define r = r{Z) 
to be the least k such that h l {Xz(k)) = 0. 

Recall that if h (Iz{k)) = then h l {Tz(t)) = for t > k, and Ht{Z) is surjective for t > k + 1, by 
the Castelnuovo-Mumford lemma [Mu2]. 



4 



Remark 2.2 Let Z be a fat points subscheme of P 2 (supported at general points). Then a — 1 < r. 
If Z has good postulation, then a — 1 < r < a. 

In fact, a — 1 < t follows by taking cohomology of — > Tz{k) — > C P 2(/c) — > 0^ — > 0. Good 
postulation gives h°{Xz{k))h l {Zz{k)) = 0, which implies r < a. 

Remark 2.3 Since Hk(Z) (being the 0-map) is trivially injective for all k < a and it is surjective 
for k > r + 1, we need only consider /i^ in degrees A; (if any) with a < k < r. 

If Z has good postulation, then either r = a — 1, and the Betti numbers for /(Z) are completely 
determined, or r = a, in which case we need only consider if fi a is exp-onto, then Z is minimally 
generated if and only if [i a is surjective, while if [i a is exp-inj, Z is minimally generated if and only 
if fi a is injective. 

Now drop the good postulation assumption, and take any Z; if k > a, assuming the SHGH 
Conjecture it is always possible (and easy to do explicitly, by factoring out the fixed part of 
H°(Tz(k)); see |GH|) to replace k and Z by a k' and Z' (supported at the same points) such that 
the kernels of Hk(Z) and /ik'(Z') have the same dimension, but such that Z' has good postulation 
in degree k'. Thus (assuming the SHGH Conjecture) we can reduce to considering only fat points 
Z with good postulation and with a = r, and for these we need to study only the map \i a . 

The forthcoming Remark 12.41 and Lemma 12.51 will be useful in the next section: 

Remark 2.4 Let C be a curve of degree d in P 2 ; then the exact sequence — > Op2(t — d) — > 
Ppa(t) -> Ppa(t)|o -» gives 

h°(e>p 2 (t)|c) = ft 2 ) for < t < d- 1, /i (Op 2 (t)|c) = \{2td + 3d - d 2 ) for t > d. 

The same exact sequence twisted by Q and the cohomology of the cotangent bundle (see for example 
[055] ): 

/ i °(P 2 ,n(A;)) = h 2 (p 2 ,n(-k)) = | J 2 ~ 1 i^u , wn ( *))={; mi 

together give: 



Lemma 2.5 Lei C be a plane curve having a singularity of multiplicity r at a point P, and let Z 
be the m-fat point supported at P; then l(Z n C) = ( m ^ 1 ) - ( m ~ 2 r+1 ). 

Proof. Let x,y be local coordinates at P, A m := K[x,y]/(x,y) m the coordinate ring of Z , / = 
a local equation for C, where / has initial degree r, and (/) := (f)A m ; then, l(Z n C) is the 
dimension of the if -vector space A m /(f). If r > m, f = 0, so dim^ J 4 m /(/) = C"^ 1 ) (which was 
already obvious since Z C C). If r < m, it is easy to prove that the vector space (/) has dimension 
( m+ 2 1_r ) using an appropriate induction. 
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3 Various equivalent postulation problems 



In this and in the following sections k will always denote a positive integer, and Z, as usual, a fat 
point subscheme supported at general points of P 2 . 

In this section we are going to translate the problem of determining the rank of the maps 
Hk(Z) : I(Z)k ® R\ — * I(Z)k+l hito three different, but closely related, postulation problems. By 
postulation problem we mean the computation of the rank of a restriction map H°(F) — > H°(F\y) 
with F a vector bundle and Y a subscheme of a given scheme. One of these approaches, i.e. the 
translation into a postulation problem in the 3-fold P(f2) with respect to a rank 1 bundle, is here 
because we find it intrinsically interesting, altough we'll use it only to understand the geometry of 
certain examples. The other two approaches will lead to conjectures 16.11 and 16.71 

We now define the three restriction maps in which we are interested: = p k (Z), ip^ = tp^Z), 

7] k = 7] k (Z). 

The multiplication map \x k = Pk(Z) comes from considering the Euler sequence twisted by 
I z (k) and taking cohomology: 

(1*) -» H°{VL{k+l)®l z ) -» H (l z (k))®H°(O F 2(l)) ^ H°(X z (k+l)) -» H l {VL{k+l)®l z ) -» 
H 1 (2 z (k)) ® H°(Op2(l)) —>-... 

In the forthcoming Lemma 13.11 we compare this to the cohomology sequence obtained by re- 
stricting Q, to Z: 

(2*) o -> fr°(n(fc+i)<ar z ) -» ff°(n(Jb+i)) ^ ff°(«(A:+i)|z) ^(^ah-i)®^) -> ff^O+i-)) = o 

Now consider the projective bundle tt : P(f2) — > P 2 with the invertible sheaf 

£t = P{n) (l)®ir*0 P 2(t). 

We set 

T = 7r _1 (Z) C P(O). 

By [Ht] Ex. III.8.1, III.8.3 and III.8.4, i? i 7r,0 P(f7) (l) = for % > 0, hence tfV*^ = iP^pp^Cl)® 
0pa(t) = for i > 0, so that ^ for all t > 0; in particular, ff^+i) = for any 

k > 0. Taking ^ to be the canonical restriction map, we have the exact sequence: 

(3*) H°(£ k+1 ®1 T ) -> fl°(£ fc +i) ^ ff°(4 +1 | T ) -» H\£ k+l ®l T ) -> 0. 
We will also work in the blow up p : X — > P 2 . Set 

i>l 

and consider the exact sequence: 



(4*) -► fr°(p*fi(A;+l)<8>2£) -» F (p*O(A:+l)) ^ F (p*fi(A;+l)[^) -» ^(p^AH-l)®^) -> 

where H 1 (p*Q,(k + 1)) =0 for the following reason: R l p if Ox = for i > and p*Ox — Cp2 hence, 
by [Ht] III.8.3, rfp^nfjfe + l) 9* ^^(OxOp^fJfe + l)) = R%O x ®p*tt(k + 1) = for t > and 
p*p*ft(fc+l) ^ fi(fc+l), and so by [Ht] ex.III.8.1 H i {p*fl{k+l)) ^ # l (p*p*Sl(£;+l)) = H l (fl{k+1)) 
for all i > 0. 
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Lemma 3.1 If Z has good postulation in degrees k andk + 1, then /i& is infective, resp. surjective, 
if and only if pk is injective, resp. surjective. Moreover, if h l {Iz{k)) = 0, then 

exp-dim cokpk = exp-dim cokpk = max(0, 2l(Z) — k(k + 2)), and 

cokpk = cokpk = H l {£l(k + 1) <g) Tz). 

Proof. If h°(Iz(k)) = 0, pk is injective, that is, H°(ft(k + 1) ®Tz) = 0, so also pk is injective. If 
h l (Zz{k)) = 0, we have that cokpk = H 1 (U(k + 1) <8>2z) = cokp^., and ker pk = H°(Q(k + 1) <g) 
Z^) = kerpfc, so that the difference between the dimension of the domain and the dimension of the 
codomain is the same: h (l z (k))h°(O P 2 (1)) - h°(2 z (k + 1)) = 3(( fc + 2 ) - l(Z)) - (( fc + 3 ) - 1{Z)) = 
k(k + 2)-2l(Z) = h {n(k + l))-h°(n(k + l)\z). ' ' ■ 

Lemma 3.2 The following conditions are equivalent: 

(i) pk is injective, resp. surjective; 

(ii) ipk is injective, resp. surjective; 

(iii) rjk is injective, resp. surjective. 

Proof, i) 4=> ii): one has 7r*(£t) = fl(t), and (see for example [13], 2.1) ir*(£t\T) — &(t)\z, 
n*(St®l T ) mt)®l z ; hence H°(£ t ) H°(n(t)), H°(£ t ®I T ) = H°(n(t)®l z ), H°(£ t \ T ) 

H°(m\z). 

i) <^ iii): One has p*Ox — Cpa; by Prop. 2.3 of [AH], one has also: p*Og = Oz\ hence it 
follows (see for example the proof of Lemma 2.3 in [13], taking into account that p~ l {Z) = Z) that 
p*lz = 2 Z . By the projection formula we get p*(p*£l(k + 1)) = Q(k + 1), so p*(p*Q(k + l)\ z ) = 
U(k + l)\z and p*(p*Q(k + 1) ®I Z ) — ^(^ + -Q ®"^z- Hence the dimensions of the first three vector 
spaces in (4*) and in (2*) are the same, so we conclude that pk is of maximal rank if and only if 
rj k is. ■ 

4 Superfluous conditions for the cotangent bundle 

Now we are interested in studying the behaviour of the restriction of 0(/c + 1) to a curve in P 2 . 
This will help us in the study of pk and hence (see Section [3]) of pk- In what follows C will be a 
curve of degree d in P 2 . 

Definition 4.1 We denote by 

= 0c,z,k : H°(Q(k + l)| c ) - H°(n(k + l)| cnz ) 

the restriction map. We also set 

j(C,Z,k) := exp-dim cok /3 C)Z ,k = max{0, 2l(ZC)C) - h°(n(k + l)|c)}. 

If m(C)p i = r i < m j + 1 , by Lemma [231 l(Z nC) = J2( r i m i ~ Q))* ^° Remark 12.41 we find for 
k + 2 > d and < mi + 1 

y(C,Z,k) =max{0, 2^(7-^- ( ^ j ) - d(2fc + 2 - d)}. 
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Proposition 4.2 Assume h (Xz(k)) = 0. // C C P 2 is a curve of degree d < k + 2, then 

dim cok^ij, > dim cokf3c,z,k- 
In particular, if there exists a (not necessarily integral) curve C of degree d < k + 2 such that 

dim cok(3c,z,k > exp-dim cok/ik, 

then fj,)- is not of maximal rank. 

Proof. Since h l {Xz{k)) = 0, Z has good postulation in degree k and k + 1, so, by Lemma f3.1[ 
dim cok//fc = dim cokp^ = h l (Zz <8> Q(k + 1)). 

Now set t := k + 1 and consider the commutative diagram: 



Xresc-z <8> fi(t - d) -> ® fi(t) -> T Z nC,C®^{t) -> 

-> n(t-d) -> fi(t) -» C? c ®n(*) -> o 

-► Ores c z ® - d) -> ® fi(t) -> O^nc ® fi(t) -> 

J, J- i- 



Taking cohomology we get: 

o oo 

o - H°(i ieScZ ®n(t-d)) -> H°(x z ®n(t)) -> H°(x^ nC>c ®n(t)) A 

o -> H°(n(t-d)) -* H°(n(t)) -> H°(n(t)|o) -» o 

- ^°« 2 ScZ ) -» H°(0® 2 ) - H°(0^ ) _ o 

A flipZiresoif »«(*-<*)) -» H^Pz ® H(t)) -> H^{X ZnC ,c ® - 



where /i x (0(t)|c) = and /i 2 (Jres c z® n (*- d )) = since h 2 (£l(t — d)) = (this because <i < 
One has that dim cok ^ = dim cokp^ = h l (Zz ® fi(i)) > h (XznCG <g> = dim cok (3c zk- ■ 



As a consequence we have a first criterion to find schemes Z for which fj,k fails to have maximal 
rank: 

Corollary 4.3 Assume h}(Xz(k)) = 0. If there exists a (not necessarily integral) curve C of degree 
d < k + 2 such that 

j(C,Z,k) > if Hk is exp-onto, or 

7(C, fc) > 2l(Z) — k(k + 2) if fi^ is exp-inj, 
then Hk is not of maximal rank. 

Proof. This follows directly by Proposition 14.21 since dim cok /3c, z,k — 7(C) Z,k). ■ 
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Example 4.4 Let Z = Z(3, 2, 1, 1); then ^(Z) does not have maximal rank. To see this directly, 
let C be the line through Pi and Pi- Then Z has good postulation (see }Ha5j or |Ha3] for calculating 
the Hilbert function), 1{Z) = 11, h°(I z (3)) = 0, h°(l z {4)) = 4, h°(l z (5)) = 10, and a = r = 4. 
Thus I(Z) is generated in degrees at most 5, but since C is in the base locus of H°(1 Z (A)) but the 
zero locus of the whole ideal is just Z, there must be a generator of degree 5, so the map ^^(Z) is 
not surjective, and since it is exp-onto it is hence not of maximal rank (see !2.3p . 

Alternatively, note that Corollary 14.31 applies: /x 4 is exp-onto but 7(0, Z,4) > since, using 
the fact 0(5)| c = O c {3) © 0c(4), we see fo (O(5)| c ) = 9 < 10 = 2l(Z n 0). In other words, 
Z n imposes one superfluous condition to the sections of 0(5)|c. But a point of P 2 imposes 2 
condition to a rank 2 bundle; so if we wish to understand what's going on geometrically we have 
to move to P(O). Here (cf. Lemma I3.2H we have to check the dimension of the space of global 
sections of £5 = 0p(Q)(l) © 7r*0 P 2(5) vanishing on the 1-dimensional scheme T = tt^ 1 (Z), or, 
equivalently, on the 0-dimensional scheme T' := (T n P(P)) U (T n P(G)), where E is a local 
trivialization of O. (In fact, since £5 is Opi(l) on the fibers, the inverse image of a point 7r _1 (P) 
can be replaced by two generic points in the fiber. For the non reduced case, and for further 
details, see jU], [13], [Glj.) Hence we are looking at the postulation with respect to the invertible 
sheaf £5 of the 0-dimensional scheme T' in P(O); since 0(5)|c — Oc(3) 0c (4), we have a curve 
D := P(0 C (3)) C P(fi)|c C P(O) and T' n D has length 5, while £ 5 \ D ^ D (3) (see [Ht] V.2.6). 
It is now clear that it is possible to find a subscheme of T' of length l(T') — 1 imposing the same 
conditions as T' to £5, that is, T' does not postulate well with respect to £5. 

Example 4.5 Another similar example is given by Z = Z(4, 3, 3, 3, 2); here [ij{Z) is again exp- 
onto and fails to have maximal rank. To see this, let C be the conic through the 5 points Pj. Again 
Z has good postulation ( [Ha5] . [Ha3] b and we have J(Z) = 31, /i (2" z (6)) = 0, h°(l z (7)) = 5, 
h°(Iz(8)) = 14, a = r = 7. As before, C is in the base locus of I{Z)t, so while the map ^7 is 
exp-onto it is not surjective, hence does not have maximal rank. Alternatively, again Corollary 14.31 
applies: j(C,Z,7) > 0. In more detail, Z does not postulate well with respect to Q(8) (i.e., the 
number of sections of f2(8) vanishing on Z is greater than the length of Z would lead us to expect), 
since fo°(Q(8)|c) = 28 < 2 - 15 = 2l(Z(lC). In other words, ZnC imposes 2 superfluous conditions 
on the sections of 0(8) |c = P i(13)® 2 (here we have used the fact that = P i(-3)® 2 ). 
If we work in P(f2) (cf. Lemma 13 . 2[) . we have to consider the postulation with respect to £s 
of the 1-dimensional scheme T = 7r _1 (Z), or, as in the previous example, of the 0-dimensional 
scheme T := (T n P(E)) U (T n P(G)), -E 1 © G again being a local trivialization of O. Since 
0(8) |c — 0pi(13)® 2 , we have two curves, D\ and D2, both contained in P(0)|c, where T' flDj has 
length 15, while ^sId; — 0pi(13). It is hence possible to find a subscheme of T' of length l(T') — 2 
imposing the same conditions as T' on i.e., T' does not postulate well with respect to These 
two superfluous conditions give a contribution of 2 to the cokernel. 

Example 4.6 The map /is for Z = 3Pi + 3P2 + 3P3 fails to have maximal rank; Z postulates well 
(|HH]). l(Z) = 18, fc°(X z (4)) = 0, h°(l z {5)) = 3, h°(2 z {6)) = 10, a = r = 5, and ^5 is exp-inj. 
But ^5 is not injective; actually, if Lij is the line through Pj and Pj, and C is the union of L\2, L13 
and L23, the cubic C is a fixed component for |/(Z)s|, hence the three generators of I{Z)§ are of 
the form CPj, i = 1, 2, 3, where Pi, P2 and P3 are the three conies which generate I (Pi + P2 + P3). 
Since /i°(Xp 1+ p 2+ p 3 (3)) = 7, the dimension of the image of /X5 is also 7, i.e. I(Z) needs 3 generators 
in degree 6, not just one. 

Alternatively, note that Corollary 14.31 applies: j(C,Z,5) = 3 > 2l(Z) — 5(5 + 2) = 1; here 
C is a triangle, hence reducible with aritmethic genus 1. What happens here is that 0(6) = 
OL i:j {4) © 0£ y (5), so that Z n Lij imposes one superfluous condition to the sections of 0(5)1^. 
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for each one of the three lines Lj,-; one of these superfluous conditions wouldn't bother the rank 
maximality of /i5, which is expected to be injective with a 1-dimensional cokernel; the other two 
conditions give a contribution of 2 to the cokernel. If we reinterpret the situation in P(f2), we have 
to consider the postulation with respect to £g of a certain O-dimensional scheme T', analogously to 
what happens in the previous examples; here there are three curves := P(C?£. (4)) such that 
EqId^ — C ) D lj (4), while T'CiDij has length 6; T' does not postulate well with respect to £q. Notice 
anyway that the reducible curve Dyi U D13 U D23 causing troubles is now the union of three disjoint 
smooth rational curves, since a point P in Dij is the point in P(0|^ i .) representing the tangent 
direction of at P. 

These first three examples are easy to treat by taking into account the occurrence of fixed 
components. The next example (as well as example I5.4p shows that this is not always the case. 

Example 4.7 If Z = 9P\ + • • • + 9Pj, the map /U24 fails to have maximal rank. Again Z postulates 
well f [Ha2] . [Ha5] . [Ha3] ). 1{Z) = 315, /i°(X z (23)) = 0, h°{l z {24:)) = 10, h°{l z {2h)) = 36, a = 
t = 24, and ^24 is exp-inj. But |I(Z)24| is fixed component free and ^24, is not injective; if it 
were, dim Im^24 would be 30, but in fact it is 29 ( [Ha2] ). Once more, Corollary 14.31 applies: 
7(C, Z, 24) > 2l(Z) - 24(24 + 2), with C := £ C h where d is a cubic with m(Ci) Pj = 1 for i ^ j, 
2 for i = j. Again, C is not irreducible. What happens here is that the superfluous conditions 
imposed by Z n C on f2(25)|c* are more than the expected dimension for the cokernel of /J24, since 
2l(Z n C) - h°(n(25)\ c ) = 616 - 609 = 7 > 21{Z) - 24(24 + 2) = 6. Thus p 2 4, and hence /i 24 , are 
not injective by Corollary 14.31 (Notice that taking into account just one of the curves Cj is not 
enough: in fact, /i°(0(25)|c i ) = 141 <2l(Z f] Q) = 142; but this only says that dim cok/3 2 4 > 1.) 

5 Superfluous conditions for the pullback of the cotangent bundle 

In examples 14.41 l4T5| 14.61 and 14.71 failure of fJ-k(Z) to have maximal rank was related to Z imposing 
too many conditions on the global sections of £l(k + l)|c> an d we checked it just by a dimension 
count, i.e. the expected dimension 7(C, Z, k) of the cokernel of Pc,z,k was too big. But Q(k + l)\c 
is a rank two vector bundle, so it can happen that the dimension of the cokernel is bigger than 
its expected dimension. This of course cannot occur with a rank one bundle on P 1 , since if A is 
a O-dimensional scheme on P 1 , the cokernel of the restriction map H (O-pi(t)) — > H°(Oa) always 
has the expected dimension. 

Instead if we consider for example the restriction map H°(Opi © Opi(2)) — > H (O^ ) where A 
is the union of two points, then the expected dimension of the cokernel is but the actual dimension 
is 1; A imposes 1 condition too many on H°(Opi). This is possible because the splitting gap of 
(Dpi ©O p i(2) is 2. In the previous examples this behaviour did not arise: in examples 14.41 and 14.51 
C is a line or a smooth conic with splitting gap 1, respectively 0; in example 14.71 Cj is a singular 
cubic, so we don't look at Vt(k + l)|ci) but we can look at the splitting of the pull-back of J7(fc + 1) 
on Ci, and we find that the splitting gap is 1. 

The forthcoming example 15.41 instead, illustrates a situation such that fJ>k(Z) is exp-onto, but 
there exists a curve C with splitting gap 2, and dim cok Pc,z,k > 0, so fJ-k(Z) is not onto although 
exp-dim cok Pc,z,k = l(C, Z, k) = 0. So it seems evident that, if we want to formulate a conjecture 
about the rank maximality of ^^(Z), it is necessary to take into consideration the splitting type, 
and to consider the real cokernel of the maps Pc,z,k', this is what we are going to do next. 

Definition 5.1 Let C be a curve of degree d in P 2 , such that its strict transform C = dL — J2 fiEi 
is smooth and rational in the surface X obtained by blowing up the points Pi. Given a positive 
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integer k and taking cohomology of the exact sequence — ► p*Q(k + l)\g<SilQ r , z — > p*ri(fe + l)|^ — > 
p*Q(k + l)|(5 n 2 — > 0, where Z = J2 m iEi, we get the restriction map 

9 = 9 c ,z,k : H°(p*n(k + 1)1^) H°(p*n(k + l)\ dn2 ). 

In order to measure the superabundance of conditions imposed by C n Z on the sections of p*£l(k + 
we also set 

5 (C, Z, k) = dim cdk9 c ,z,k- 
Writing a and b for ac* and 6c*, we have p*Q(k + 1)|^ = a + <i/c) © 6 + dfc). Moreover, 

C ■ Z = Y, r i m i- 

Since b < d and by assumption k > 1, we have d/c — 6 > so that h l (p*Q.{k + = 0. Hence 
5 (C,Z,k) = h 1 {p*n{k + l)\ d (g>l Cn2 ) = h l {O w i{-a + dk - Y,nmi) ® Oj>i{-b + dk -Y^rim-i)) = 
max(0, Z(Z n C) - h°(Og(-a + dk)) + max(0, Z(Z DC)- h°(O d (-b + dk)), so that finally 

5q(C, Z, k) = max(0, r^mj — dk + a — 1) + max(0, r^m^ — cZfc + 6 — 1), 



In certain cases, <5o is nothing more than 7: 

Theorem 5.2 Let C C P 2 be a curve whose strict transform C = dL — E r i^i is smooth and 
rational in X, and assume d < k + 2 and fj — 1 < mj /or a// i. T/ien 



cokp c ,z,k = cok6 c . 



z,k 



hence 5q(C, Z, k) > j(C, Z, k), with equality if and only if cok(3c,z,k has its expected dimension (this 
occurs, for example, if E r i m i ~ dk + a — 1 >0). 

Proof. The maps 6 = c ,z,k and 9 = Q c ,z,k ■ H°(p*p*n(k + l)\ d ) -» H°( P:¥ p*n(k + l)\c nZ ) are the 
maps on cohomology coming from the exact sequences — > p*f2(A; + ®%cc\Z ~~ * P*^(k + 1)\^, — > 
p*Q(k + l)|,5 n 2 — ► and its pushforward by p*, and it is clear that cok9 = cok#. 

We also have an exact sequence — > Oq — ► P*Og — > 5 — > 0, where 5 = ©p G Sing(c) p /^ p 
and Op denotes the integral closure of Op. Letting op be the length l(Op/Op), one has (by [HtJ, 
Ex. IV.1.8 and Cor. V.3.7) p a (C) = p a (C) + Ep e Sing(C) S P- But = Va{C) = (V) - £ (2) and 

Ptt(C) = ft 1 )* so Ep e Sing(C) s p = E (a)> hence = E GO- 

There is a natural map — ► Ocnz — ► P*^cnz'^ ^ us denote the cokernel by S'. Since rj < + 1 
for all i, by lemma [23] we have /(£') = 1(6 HZ)- l(C n Z) = E^m* - Efa^i - Q)) = E (3)- 
Now consider the diagram 

-> Oc -> -»• «S -> 

I I 
-► Ocnz -» P*<%^ S ' ~+ 

I I 

i? P*-^cnz,c 

There is a map 5^5' making the diagram commute, and it has to be surjective since 
R l p*Tc n z q = by [Ht] III. 11.2. Hence it is a surjective map between sheaves supported at 
points and of the same lenght, so we conclude S' = S, which gives us the exact sequence — > 
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Tensoring this and the exact sequence at the beginning of the proof by Vt(k + 1), taking into 
account that p^O^, <g> Q(k + 1) = p*p*tt(k + and p*Og n z ® ^(k + 1) = p*p*tt(k + l)[£ nZ (cf. 
the projection formula, [Ht] III.8.3), recalling that + 1)| C ) = for fc + 2 > d (see Remark 

I2.4p . and finally writing /? = (3c,z,k, we get 

-» fl°(n(fc + l)| C ) -> fl°(p»p*n(A;+l)| e ) -> #°(S® 2 ) -> 

-> ff°(n(* + l)| CnZ ) - H (p,p*n(k + l)\ dn2 ) -> tf°(<S® 2 ) 

The snake lemma now gives cok = cok /?. 

The inequality 8q(C, Z, k) > j(C, Z, k) is now clear, since 5q is the dimension of cok 6c,z,k, while 
7 is merely the expected dimension of cok /3c,z,k- For the rest, assuming J2 r i m i — dk + b — 1 > 
^nrrii-dk+a-l > and using h°{p*Q(k + lj|~) = h (p*p*Q(k + l)\ d ) = h (O(A;+l)| c +2£ Q), 

we have 5 (C,Z,k) = 2l(Z n C) - h°(p*tt(k + l)^) = 2(1 (Z n C) - £ (2)) " + l)|c = 

2Z(ZnC)-h (fi(fc + l)|c)=7(C,Z,A;). " ■ 

Corollary 5.3 Assume h l (Zz{k)) = and moreover that there exists an integral curve C C P 2 
such that C = dL — J2rtEi is smooth and rational in X with d < k + 2, — 1 < rrn for all i and 
5q(C, Z,k) > exp-dim cokp^{Z). Then (J,k(Z) is not of maximal rank. 

Proof. We have exp-dim cok/x^ < So(C,Z,k) = dim cdk.0c,z,k = dim cok Pc,z,k and we conclude 
by Proposition 14.21 ■ 



We now show how to use this last result. A significant difference here with the three previous 
examples is that the splitting gap for (any irreducible component of) C was or 1 previously; in 
Example 15.41 it is 2. 

Example 5.4 Let Z = AP\ H + 4P? + Pg; then ^n(Z) fails to have maximal rank (see [FHH]). 

Note that Z has good postulation and I(Z)n is fixed component free (apply |Ha5| or [Ha3j ) . We 
have l(Z) = 71, h°(l z (10)) = 0, h°(2 z (ll)) = 7, fc°(J z (12)) = 20, a = r = 11, hence // Q is 
exp-onto. The map fj,n(Z) is not surjective. This can be attributed to to the existence of a rational 
curve C of degree 8 with rj := m{C)p i = 3 for < i < 7, and rg = 1; C C X is a smooth 
rational curve of self-intersection C 2 = 0. This time we cannot read failure of maximal rank on 
the sections off), since h°(Q(12)\ C ) = 128 = 2/(ZnC); i.e., j(C, Z, 11) = 0. Instead, the splitting 
gap for C is 2, since (see the proof of Lemma 12 of (EEE]) p*(0(l))|g = Og(-3) O d (-5), hence 
p*(0(12))|^ = 0^,(85) © Oq(83). The scheme Z := J2 rriiEi intersects C in a O-dimensional scheme 
of length J2 r i m i = 85, so Z n C 1 is too much for P i(83) (and not enough for O p i(85)); that is, 
the cohomology of the exact sequence — > p*Q(12)\^, ®%q^ z — > p*Q(12)\g — > p*Q(12)\^, nZ — > is 

- H°(O e © O c {-2)) - iJ (p*O(12)| (? ) ^> fl°(p*n(12)| <5n ^) - H 1 ^ © O d (-2)) -> 

so # is not of maximal rank. (This cannot happen if the splitting gap is or 1.) Since 8o(C, Z,ll) = 
1 > 0, we see by Corollary 15.31 that nn(Z) fails to have maximal rank. 



The previous examples might lead one to think that the curves C that need to be taken into 
consideration are the ones with C 2 < 0. The following example shows that this is not the case. 
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Example 5.5 Let Z = 15 (Pi + . . . + P 4 ) + 13(P 5 + P 6 ) + 9P 7 + 2(P 8 + . . . + P u ); then Z(Z) = 719, 
h°(Zz(37)) = 22, /i° (2^(38)) = 61, so that ^(Z) is exp-onto but in fact it does not have maximal 
rank; precisely, dim cok(/U3 7 ) = 1; this has been computed with Macaulay 2 (|GSJ). 
Now consider a curve C whose strict transform C is an irreducible curve in the linear system 
|34L - 14(£?i + . . . + E A ) - 12(P 5 + E 6 ) - 8E 7 - 2(E 8 + ... + E n )\ (such a C exists, since C = 2D 
with D a Cremona transform of a line, hence the linear system above contains Cremona transforms 
of conies). One has C 2 = 4. The splitting type for C is (14,20) (it is possible to compute it 
with the script in [GHI| ); then (|5.ip 5o(C, Z, 37) = 1. Here too we cannot work in P 2 ; in fact, 
7 (C,Z,37)=0. 

6 Two conjectures 

In each of our examples above, failure of Hk{Z) to be surjective is accompanied by 5q(C, Z, k) > 0. 
This seems to be fairly general behavior, which leads us to advance the following conjecture. 

Conjecture 6.1 Let Z = J2 m iPi be a fat point scheme in P 2 (for general points Pi), with 
h (Iz(k)) = 0. Say ^k(Z) is exp-onto. Then fik{Z) fails to be surjective if and only if there 
exists an integral curve CcP 2 whose strict transform C = dL — J2 r iEi is smooth and rational in 
X, with d < k + 2, n < mi + 1 and 5q(C, Z, k) > 0. 

Remark 6.2 In fact, in every example we have found for which fJ,k(Z) fails to have maximal rank, 
we have h°(kL — TUiEi — C) > 0, and hence d < k. 

The "if part of Conjecture 16. H is true, and is Corollary 15.31 Here are some counterexamples to the 
"if part of conjecture [6J] with d> k + 2 and rj > nii + 1 for some i: 
Z = P 1 ,k = l,C = 4L-3E 1 -E 2 E 8 ; 

Z = Pi + • • • + P 4 , k = 2, C = 5L - 3Pi - 2(P 2 + P 3 + E 4 ) - (E 4 + ■ ■ ■ + E 8 ); 
Z = Pi + • • • + P 7 , k = 3, C = 8L - 3(Pi + ■ ■ • +E 7 ) - E 8 ; 
Z = 2Pi + 2P 2 + P 3 + • • • + P 7 , k = 4, C = 7L - 4Pi - 3P 2 - 2(P 3 + • • • + E 8 ). 
The problem in each case is, in some sense, that C is too big. 

In the case when Hk(Z) is exp-inj the situation is more complicated. We have already seen in 
Examples 14.61 14.71 that the curve C needs not be irreducible; the following example shows that it 
can also be nonreduced. 

Example 6.3 Let Z = 60(Pi + . . . + P 8 ); then l(Z) = 14640, /i°(J z (169)) = 0, /i°(X z (170)) = 66, 
h°(Iz(171)) = 238, a = t = 170, so that fino(Z) is exp-inj but in fact it does not have maximal 
rank (see [Ha2] ) ; precisely, exp-dim cok(/ii 7 o) = 40, while the actual dimension is 48. 
Let Cj be a sextic with r^, = m(Cj)p t = 2 for i ^ j and rjj = m(Cj)p j =3, j = 1, . . . ,8. The 
splitting type for d is (3, 3) byO; then ([53]) S (Cj, Z, 170) =2max(0, 60 J2i 7^-6-170+3-1) = 
4. In order to take into account the contribution of each Cj, we do as in Example S3] and we consider 
C = J2Cj, but this is still not enough since 8 • 4 < exp-dim cok(//i 7 o). 

So we go on: since resc^Z = 57 Pj + 58 YUj=j ^ii we ^ nc ^ ^oiCjjtesCjZ, 170 — 6) = 2. If we add up 
the contribution not only of Z but also of resCjZ for all the C^'s, we then find dim cok(//i 7 o) > 
8(4 + 2) = 48. It is useless to go on, since S {Cj , res C] (res Cj Z) , 170 - 12) = 0. 
Notice that since the splitting type for Cj is balanced, we can work directly in P 2 ; it is easy to 
check that 7(2C, Z, 170) = 48 so it is enough to apply Proposition 14.21 
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In this last example we have seen that it is enough to consider 7, but this is not always the 
case for injectivity too. In fact, in the following example bijectivity is expected, and 7 = 0, while 
5 = l. 

Example 6.4 Let Z = ll(Pi + . . . + P 7 ) + 5P 8 + 2P 9 ; then l(Z) = 480, h°(l z (30)) = 16, 
/i 1 (X^(30)) = 0, h (Xz(31)) = 48, so that Liso(Z) is exp-bijective but in fact it does not have maxi- 
mal rank. To see this, it is enough to apply Corollary 15.31 with C = 19L — 7(E\ + . . .+Ej) — 4Es—Eg. 
The splitting type for C is (8,11) (to compute it, use |GHI| ): then 15 .11 gives 6q(C, Z, 30) = 
max(0, -9 + 8 - 1) + max(0, -9 + 11 - 1) = 1. 

On the other hand, it is easy to check (|4,ip that j(C, Z, 30) = 0, so Corollary 14.31 is useless here. 

These examples motivate the following definition: 

Definition 6.5 Let C C P 2 be a degree d curve, with m(C)p i = rj. The /i-iterated residual scheme 
of Z = m iPi with respect to C is defined inductively as follows: 

resc,oZ := Z, res c ,hZ := res c (res c ,h-iZ). 

Notice that resc,hZ = XX m « ~ nr i)Pi if mi > hti. 

Assume now that the strict transform C = dL — J2 r i^i 1S smooth rational with a := ac, b := be- 
Let t — hd > 1; we define inductively the /i-superabundance of C: 

S h (C, Z,t) := Sq(C, res c ,hZ, t- hd). 

We finally set 

5(C,Z,t):= ]T 8 h (C,Z,t). 

h=0.....[$] 

Now let F be as usual F = tL - J2 m i E i, and set A h (C,Z, t) = -F ■ C + a - 1 + hC 2 , 
B h (C, Z, t) = —F ■ C + b — 1 + h C 2 . Then B h (C, Z, t) > A h (C, Z, t), and if mi > hr it t-hd>l, 
we have: 

5h(C,Z,t) = max(0, r i( m i ~ hri) — d(t — hd) + a — 1) + max(0, J2 r i( m i^hri) — d(t — hd) + b — l) = 
max(0, A h (C,Z, t)) + max(0, B h (C,Z, t)). 

To understand better the connection between 5 and 7, the following proposition is helpful: 

Proposition 6.6 Let C C P 2 be a curve with C = dL — r iEi smooth rational. Assume that 
(p + l)rj — 1 < rrii, t + 2 > d(p + 1), and assume also that Ah(C, Z, t) > for h = 0, . . . ,p. Then, 
denoting by (p + 1)C the p th infinitesimal neighborhood of C in P 2 ; one has: 

J2 5 h (C,Z,t)= 1 ((p + l)C,Z,t). 

h=0,...,p 

Proof. First notice that, if Aq(C, Z, k) > 0, then using adjunction formula 5q(C, Z, k) = Aq(C, Z, k)+ 
B (C, Z, k) = lY.irimi - Q)) - d(2k + 2 - d) > 0. Hence, if k + 2 > d and n < mj + 1, then 
7(C,Z,fc) =2J2(nmi- Q)) - d(2k + 2-d) = 2 l(Z n C) - h°(Q(k + l)| c ) = 5 (C,Z,k) (seeOl 
E3). 

We have reschZ = X)( m « — hri)Pi, since by assumption hri < nii, for < h < p. 
So, since by assumption rj — 1 < rrtj — /ir, , t — hd + 2 > d and Ah(C, Z, t) > for /i = 0, . . . ,p, 
we have S h (C,Z,t) = 5o(C,XX™i ~ ^i)-Pi, t - hd) = ^(C^im - hri)Pi, t - hd) = 2l((J2{m ~ 

hn)Pi) n C) - /i°(fi(t - + i)|c) for h = 0, . . . , P . 
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It is easy to check (see 12. 4| 12.51 and use t — dh + 2 > d and r j — 1 < mi — hri for < h < p, and 
m{{p+l)C) Pi = (p + l)n) that 

Zh=o,..., p h°m -hd+ l), c ) = h°(Q(t + l) lip+1)c ) , and 

J2h=o,...,pK(J2( m i ~ hri)Pi) n C) = l((J2 miPi) n (p + 1)C). So conclusion follows adding up. ■ 
We are now ready to formulate a conjecture for the case where injectivity is expected. 

Conjecture 6.7 Let Z = J2i m iPi be a fat point scheme in P 2 (for general points Pi), with 
h l {Xz{k)) = 0. Say fik(Z) is exp-inj. Then ^k(Z) fails to be injective if and only if there exists a 
curve CcP 2 such that: C = dL—J2 "fiEi has Ti < rrij+l and d < k-\-2; C = ^2 n jCj> where each Cj 
is integral with Cj smooth and rational in X and Cj 1 ■ Cj 2 = 0; and $(Pi ^ ^,k) > 2l(Z) — k(k + 2) . 

The "if part of conjecture 16.71 is true if for example j = 1 and A^iC, Z, t) > for h = 0, . . . , n\ 
by Proposition 16.61 and Corollary 14.31 

Notice that all the results on the generation for fat point schemes (see the introduction for a 
list of them) are consistent with Conjectures 16.11 and 16.71 

We end by proving that the SHGH Conjecture together with Coni ectures 16.11 and 16 . 71 imply the 
Uniform and Quasi-uniform Resolution Conjectures (for the statement of these conjectures see the 
Introduction). 

Proposition 6.8 The SHGH Conjecture together with C oni ectures \ 6. 1\ and \6. 7| imply the Uniform 
and Quasi-uniform Resolution Conjectures. 

Proof. Since uniform implies quasi-uniform, let Z be a quasi-uniform point scheme, i.e. Z = 
m J2i=i 9 Pi ~ J2i=w n m iPi, n > 9, m > mi > . . . m n > 0. We want to prove that, assuming 
the SHGH Conjecture, Coni ecture 16.11 and Conjecture 16. 71 the map /J,k(Z), or equivalently the map 
fip with F = kL — m J2i=i 9 Ei ~ J2i=w n m iEi, is of maximal rank. 

We can write F = (k — 3m)L — mKx + J2i>w( m ~ m i)E>i- We can assume that hz(k) > 0, 
otherwise [ik{Z) is the zero map, hence trivially injective; since Z is quasi-uniform, the SHGH 
conjecture then says (see introduction) that hz(k) = ( k ^ 2 ) — Qi™^ 1 ) — J2i i" 1 '^ 1 )- I n particular 
Ct, 2 ) ~ ^C™^ 1 ) > 0) which gives k > 3m. If k = 3m, then n = 9, in which case F = m(3L — E\ — 
■ ■ ■ — Eg), so h°(F) = 1 and [ip has maximal rank. 

Now let k > 3m. In order to prove that \xp has maximal rank, by 16.11 and 16.71 it is enough 
to prove that Sq(C, Z,k) =0 for each C = dL — r %Pi smooth rational in X; since Sq(C, Z, k) = 
max(0, -F-(7+a-l)+max(0, -F-C+b-1) with a <b< d, we'll just prove that —F-C+b—l < 0. 

By the SHGH Conjecture, C 2 > -1, so by adjunction formula K x ■ C = -C 2 - 2 < -1. We 
hence find:-F -C + b-l = (-(k - 3m)L + mK x - Ei>io( m ~ m^Ei) • C + b - 1 < -Qc - 3m)d - 
m - Ei>io n(m - mi) + d - 1< 0. 
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